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We present a covariant derivation of the equations of motion for test bodies for a wide class of
gravitational theories with nonminimal coupling, encompassing a general interaction via the com-
plete set of 9 parity-even curvature invariants. The equations of motion for spinning test bodies in
such theories are explicitly derived by means of Synge’s expansion technique. Our findings gener-
alize previous results in the literature and allow for a direct comparison to the general relativistic
equations of motion of pole-dipole test bodies.
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I. INTRODUCTION
In this work we derive the equations of motion for spin-
ning test bodies in the context of gravitational theories
with nonminimal coupling. Some of these theories have
recently been investigated in [1–3]. In particular, we gen-
eralize and extend the findings in [4] to the case in which
the nonminimal coupling depends generally on the curva-
ture of spacetime. Our results apply to a very large class
of theories, i.e. the coupling is allowed to be a general
function of the set of 9 parity-even curvature invariants.
The covariant multipolar expansion method used to de-
rive the equations of motion in the present work goes back
to [5] – it has also been utilized to derive the equations of
motion of test bodies in Einstein’s theory [6]. Our find-
ings therefore allow for a direct comparison of the new
’force’ terms due to the nonminimal coupling procedure
in a covariant fashion.
Without going into historical detail, we only men-
tion that in the context of General Relativity multipo-
lar methods of the kind employed in this work – and
variations of it – were used in the works [6–15]. Similar
methods have also been successfully applied in alterna-
tive gravity theories, see [16–18] and more recently in
[19, 20]. A short timeline of works can be found in [19].
Note that the model under consideration does not be-
long to the very general class of gravitational models ana-
lyzed in [19] due to its nonminimal coupling prescription.
The structure of the work is as follows: In section II we
introduce two nonminimal coupling scenarios; in particu-
lar, we work out their respective conservation laws. With
the conservation laws at hand, we derive the equations
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of motion for test bodies – up to the pole-dipole order
– by means of a covariant multipolar method in section
III. This is followed by our conclusion and outlook in
IV. Appendix A contains a brief overview of our conven-
tions and notation, the dimensions of all quantities in the
paper and a directory of used symbols can be found in
tables I and II. Appendix B summarizes the expansion
formulas used in our derivations.
II. THE MODELS UNDER CONSIDERATION
A. Nonminimal f(R) gravity
In [1] an extended version of a so-called f(R) grav-
ity theory was considered. Gravity theories in which the
usual Einstein-Hilbert Lagrangian is replaced by an ar-
bitrary function of the curvature scalar have attracted a
lot of attention during the last few years see, e.g., the re-
views [21–23] and references therein. The f(R) scenario
was generalized even further in [1] by the introduction of
a nonminimal coupling term on the Lagrangian level. In
particular, the following Lagrangian was put forward:
Ltot = f1 (R) + [1 + λf2 (R)]Lmat. (1)
Here f1 and f2 are arbitrary functions of the curvature
scalar R, and Lmat is the matter Lagrangian. The non-
minimal coupling of matter and gravity is controlled by
the constant λ. The general field equations – in terms of
the functions f1 and f2 and their derivatives – are given
in [1]; their explicit form is irrelevant for the subsequent
analysis though.
In contrast to standard f(R) gravity theories, the last
term in (1) leads to a modification of the equations of
motion. As was already shown in [24] (see also eq. (5) of
[1]) the usual conservation law – as, for example, found
2in General Relativity – is replaced by
∇iTij = λf
′
2
1 + λf2
(gijLmat − Tij)∇iR. (2)
Here f ′2 (R) := df2 (R) /dR denotes a shortcut for deriva-
tives of the unspecified function f2 (R) of the curva-
ture scalar and the energy-momentum tensor of mat-
ter is defined in the standard way by
√−gTij :=
−2δ(√−gLmat)/δgij .
B. General nonminimal gravity
The above model can be generalized to
Ltot = Lgrav + FLmat, (3)
where both the gravitational field Lagrangian Lgrav =
Lgrav(gij , Rijk
l) and the function F = F (gij , Rijk
l) can
depend arbitrarily on the spacetime metric and the Rie-
mannian curvature tensor. For example, in [2] both are
assumed to be the functions of the Gauss-Bonnet scalar
G = R2 − 4RijRij +RijklRijkl. (4)
This case belongs to the general class of models when
the Lagrangian Lgrav = Lgrav(i1, i2, i3) and the function
F = F (i1, i2, i3) both depend on the quadratic scalar
invariants constructed from the components of the cur-
vature tensor,
i1 = R
2, i2 = RijR
ij , i3 = RijklR
ijkl . (5)
As is well known [25–27], a curved spacetime manifold of
4 dimensions is characterized by the 14 algebraically in-
dependent invariants constructed from the components
of the Riemann tensor. There are two types of invari-
ants: some of them are built of only the metric gij and
the curvature Rijk
l, while others involve also the Levi-
Civita totally antisymmetric tensor. The invariants of
the first type are parity-even quantities (i.e., they do
not change under space and time reflections), whereas
the second type of invariants are parity-odd objects that
change their sign under coordinate transformations which
do not preserve orientation. There are 9 parity-even in-
variants and 5 parity-odd ones [26, 27]. Here we will
confine our attention to the general nonminimal coupling
theories in which F = F (i1, . . . , i9) is an arbitrary func-
tion of the set of the parity-even invariants that includes,
in addition to the quadratic scalars (5), the following cu-
bic, quartic and quintic contractions:
i4 = Rij
klRkl
mnRmn
ij , (6)
i5 = R
i
jR
j
kR
k
i, i6 = R
i
jR
j
kR
k
lR
l
i, (7)
i7 = R
ijDij , i8 = DijD
ij , i9 = DijD
jkRik. (8)
Here we have denoted Dij := RikljR
kl. The set (5)-(8)
is equivalent to the one reported in [26, 27], when the
Riemann tensor is decomposed in terms of the Weyl and
the traceless Ricci tensor.
Generalized gravity theories with Lagrangians which
are functions of the minimal independent set of curvature
invariants have recently attracted some attention in the
cosmological context, see [28], for example.
The field equations for the model (3) are derived from
the variation of the total action with respect to the space-
time metric. Denoting
√−gEij := 2δ(
√−gLgrav)/δgij ,
we find explicitly
Eij = FT ij
+2
9∑
A=1
[
LmatFAP
ij
A +∇n∇k
(
LmatFApi
ikjn
A
)]
. (9)
Here FA = ∂F/∂iA, A = 1, . . . , 9. The second line de-
scribes the modification of the gravitational field equa-
tions due to the nonminimal coupling. Here, for the cur-
vature quadratic invariants (A = 1, 2, 3),
P ij1 = −2RRij, (10)
P ij2 = −RikRjk −RikljRkl, (11)
P ij3 = −2RiklmRjklm, (12)
and
piikjn1 = 2R(g
ingjk − gkngji), (13)
piikjn2 = R
ingjk − Rkngji −Rijgnk +Rkjgni, (14)
piikjn3 = 4R
ikjn. (15)
For the homogeneous cubic and quartic invariants
i4, i5, i6, given by (6)-(7), we find
P ij4 = −3RiklnRlnpqRjkpq , (16)
P ij5 = −
3
2
Rjk
(2)
R
ik − 3
2
Riklj
(2)
R kl, (17)
P ij6 = −2Rjk
(3)
R
ik − 2Riklj
(3)
R kl, (18)
where we denoted
(2)
R ij := RikRjk and
(3)
R ij := RikRklR
jl,
piikjn4 = 6R
ik
pqR
jnpq , (19)
piikjn5 =
3
2
(
(2)
R
ingjk −
(2)
R
kngji −
(2)
R
ijgnk +
(2)
R
kjgni),
(20)
piikjn6 = 2(
(3)
R
ingjk −
(3)
R
kngji −
(3)
R
ijgnk +
(3)
R
kjgni).
(21)
Furthermore, for the mixed Riemann-Ricci quartic and
quintic invariants (8) we derive
P ij7 = −DikRjk −DjkRik −RikljDkl, (22)
P ij8 = −Y ikRjk − Y jkRik −RikljYkl −
(2)
D
ij , (23)
P ij9 = −V ikRjk − V jkRik −RikljVkl −
1
2
Riklj
(2)
Dkl
− 1
2
(RklDikD
j
l +R
i
k
(2)
D
jk +Rjk
(2)
D
ik), (24)
3where Y ij := RikljDkl and
(2)
D ij := DikDjk, and
piikjn7 = R
inRjk −RknRji
+ Dingjk −Dkngji −Dijgnk +Dkjgni, (25)
piikjn8 = D
inRjk −DknRji −DijRnk +DkjRni
+ Y ingjk − Y kngji − Y ijgnk + Y kjgni, (26)
piikjn9 = U
inRjk − UknRji − U ijRnk + UkjRni
+ V ingjk − V kngji − V ijgnk + V kjgni
+
1
2
(
(2)
D
ingjk −
(2)
D
kngji −
(2)
D
ijgnk +
(2)
D
kjgni).
(27)
Here U ij := R(ikD
j)k and V ij := RikljUkl.
One can verify the symmetry properties P ijA = P
ji
A ,
and
piikjnA = pi
[ik]jn
A = pi
ik[jn]
A = pi
jnik
A , (28)
for A = 1, . . . , 9. It is also straightforward to prove that
the last term in (9) is symmetric in the indices i, j.
The tensors (10)-(15) and (16)-(27) satisfy certain dif-
ferential identities. The latter arise from the fact that the
action-type integrals IA =
∫
d4x
√−g iA, A = 1, . . . , 9,
are invariant under general coordinate transformations.
The corresponding Noether identities read
∇i
(
1
2
iAg
ij + P ijA +∇n∇kpiikjnA
)
= 0. (29)
In view of the skew symmetry (28), ∇i∇n∇kpiikjnA =
∇[i∇n]∇kpiikjnA . Then, using the definition of the cur-
vature (A1), we rewrite the last term as
∇i∇n∇kpiikjnA =
1
2
Rikl
j∇npiiklnA . (30)
As a result, the Noether identities (29) are recast into
∇iP ijA +
1
2
Rikl
j∇npiiklnA = −
1
2
∇j iA. (31)
Actually, one can verify these differential identities di-
rectly by using the expressions (10)-(15) and (16)-(27)
for A = 1, . . . , 9.
The nonminimal model (3) is invariant under the
diffeomorphism (general coordinate) transformations.
The corresponding Noether identities then tell us that
∇iEij = 0 identically, whereas on-shell (i.e., when the
matter field equations are satisfied)
∇i
{
FT ij + 2
9∑
A=1
[
LmatFAP
ij
A
+∇n∇k
(
LmatFApi
ikjn
A
)]}
= 0. (32)
We can simplify this considerably by making use (30)
and the Noether identities (31). A direct check shows
that (10)-(15) and (16)-(27) satisfy (for A = 1, . . . , 9)
P ijA +
1
2
Rkln
jpiklniA ≡ 0. (33)
Taking into account this crucial relation, the conservation
law (32) is recast into the final form
∇iTij = 1
F
(gijLmat − Tij)∇iF. (34)
This result generalizes the conservation law (2) to the
case in which F = F (i1, . . . , i9) depends arbitrarily on
the complete set of 9 parity-even curvature invariants
(5)-(8). Our derivation corrects the earlier studies [2, 3].
III. EQUATIONS OF MOTION
In the following section, we derive the multipolar equa-
tions of motion for test bodies from the conservation law
(34) by means of the covariant expansion technique from
[5]. The multipolar moments extend the ones encoun-
tered in [6] to the general nonminimal coupling scenario.
The equations of motion will be explicitly worked out
up to the dipole order; i.e., they are applicable to general
spinning test bodies in theories with nonminimal cou-
pling.
A. Covariant moments & multipolar expansion
To begin with, we rewrite (34) as follows:
∇iTij = (gijLmat − Tij)∇iA. (35)
Here we have introduced a scalar function
A
(
gij , Rijk
l
)
:= logF . In the following discussion,
we are going to denote derivatives of this function
simply by Ai := ∇iA, Aij := ∇j∇iA, etc. Raising the
indices and rewriting the covariant derivative in (35)
yields
∇iT˜ ij =
(
Ξ˜ij − T˜ ij
)
Ai. (36)
In the last equation, we introduced the quantity Ξij :=
gijLmat as a shortcut. Densities of different quantities
are denoted by a tilde “˜”.
We will now derive the equations of motion of a test
body up to the dipole order by utilizing the covariant
expansion method of Synge [5]. For this we need the
following auxiliary formula for the absolute derivative
of the integral of an arbitrary bitensor density B˜x1y1 =
B˜x1y1(x, y):
D
ds
∫
Σ(s)
B˜x1y1dΣx1 =
∫
Σ(s)
∇x1B˜x1y1wx2dΣx2
+
∫
Σ(s)
vy2∇y2B˜x1y1dΣx1 . (37)
Here vy1 := dxy1/ds, s is the proper time, and the inte-
gral is performed over a spatial hypersurface. Note that
4in our notation the point to which the index of a bitensor
belongs can be directly read from the index itself; e.g.,
yn denote indices at the point y. Furthermore, we will
now associate the point y with the world-line of the test
body under consideration. For additional comments re-
garding the explicit calculation of wa see the appendix
of [6]. Now we start by integrating (36):∫
Σ(s)
σy1· · ·σyngy0x0∇x1 T˜ x0x1wx2dΣx2
=
∫
Σ(s)
σy1· · ·σyngy0x0
(
Ξ˜x0x1 − T˜ x0x1
)
Ax1w
x2dΣx2 .(38)
Here σ denotes Synge’s [5] world-function and σy its
first covariant derivative, cf. also appendix A for a brief
overview of our conventions. With the help of (37) we
can rewrite the integral over the derivative of the energy-
momentum tensor T˜ x0x1 as follows:
∫
Σ(s)
∇x1
(
σy1 · · ·σyngy0x0 T˜ x0x1
)
wx2dΣx2
=
D
ds
∫
Σ(s)
σy1 · · ·σyngy0x0 T˜ x0x1dΣx1
−
∫
Σ(s)
vyn+1 T˜ x0x1∇y3 (σy1 · · ·σyngy0x0) dΣx1 . (39)
Equation (39) allows us to rewrite the integral (38), and
thereby to derive the equations of motion at arbitrary
order.
We now introduce integrated moments a` la Dixon in
[6], i.e.
py1···yny0 := (−1)n
∫
Σ(s)
σy1 · · ·σyngy0x0 T˜ x0x1dΣx1 , (40)
ty2···yn+1y0y1 := (−1)n
∫
Σ(s)
σy2 · · ·σyn+1gy0x0gy1x1 T˜ x0x1wx2dΣx2 , (41)
ξy2···yn+1y0y1 := (−1)n
∫
Σ(s)
σy2 · · ·σyn+1gy0x0gy1x1 Ξ˜x0x1wx2dΣx2 . (42)
Then the equation (38) together with (39), and the covariant expansions of the derivatives of the world-function and
of the parallel propagator (see also appendix B), yields
D
ds
py1...yny0 = t(y1...yn)y0 − v(y1py2...yn)y0 − 1
2
Ry0y′y′′yn+1
(
ty1...ynyn+1y
′y′′ + py1...ynyn+1y
′
vy
′′
)
+
(
ξy1...yny
′y0 − ty1...yny′y0
)
Ay′ +
(
ξy1...ynyn+1y
′y0 − ty1...ynyn+1y′y0
)
Ay′yn+1
+
∞∑
k=2
1
k!
[(
ξy1...ynyn+1...yn+ky
′y0 − ty1...ynyn+1...yn+ky′y0
)
Ay′yn+1...yn+k
+(−1)kγy0y′y′′yn+1...yn+k
(
ty1...ynyn+1...yn+ky
′y′′ + py1...ynyn+1...yn+ky
′
vy
′′
)
− (−1)kα(y1y′yn+1...yn+kty2...yn)yn+1...yn+ky0y
′
+ (−1)kβ(y1y′yn+1...yn+kpy2...yn)yn+1...yn+ky0vy
′
]
. (43)
In the dipole order, we keep only the multipole moments
constructed up to the second order in the world-function
σ. This truncates the infinite set of equations (43), with
n = 0, 1, . . . ,∞, to the three lowest-order equations.
Namely, for n = 2 and n = 1 we find
v(y1py2)y0 = t(y1y2)y0 , (44)
D
ds
py1y0 = ty0y1 − vy1py0
+Ay2 (ξ
y1y0y2 − ty1y0y2) . (45)
The constraint equation (44) actually coincides with the
one found in the general relativistic case.
Finally, for n = 0, we obtain
D
ds
py0 = − 1
2
Ry0y2y1y3 (v
y1py3y2 + ty3y2y1)
+Ay1 (ξ
y0y1 − ty0y1)
+Ay1y2 (ξ
y2y0y1 − ty2y0y1) . (46)
5B. Rewriting the equations of motion
Equations (44)-(46) are all the information up to dipole
order which we can extract from the integrated energy-
momentum conservation law. The set of these three
equations should be compared to the corresponding set
of equations, which we derived in [4] in the context of Pa-
papetrou’s [8] method. To make this even more explicit,
we rewrite (44)-(46) as follows:
D
ds
pa =
1
2
Rabcdv
bscd +Ab
(
ξab − tab)
+Abc
(
ξcab − tcab) , (47)
D
ds
sab = 2v[bpa] + 2Ac
(
t[ba]c − ξ[ba]c
)
. (48)
Here we have introduced the spin of the test body under
consideration as sab := 2p[ab], and switched back to the
usual tensor notation, keeping in mind that all indices
are now taken at the base-point y, which parametrizes
the – still completely arbitrary – world-line.
The equations of motion for the momentum (47) and
the spin (48) should be compared to our previous find-
ings ([4],23) and ([4],29) in the context of a non-covariant
multipole method.
By utilizing the symmetries of the integrated t, p, and
ξ moments the dipole equations of motion can be further
rewritten as
D
ds
Pa = 1
2
Rabcdv
bScd + ξab∇bF + ξcab∇c∇bF,(49)
D
ds
Sab = 2v[bPa] + 2ξ[ab]c∇cF. (50)
Here we have introduced the generalized momentum and
spin tensors as
Pa = Fpa + pba∇bF, (51)
Sab = Fsab. (52)
Note that in (49) and (50) the t moments have been com-
pletely eliminated.
A general interesting aspect of the present multipolar
method is the fact, that the generalized momentum Pa
follows from the equations of motion. To recall, within
the context of Papapetrou’s method we had to specify
this quantity by hand to achieve the final form of the
first equation of motion. In the present approach it is
retrieved from the equation of motion for the spin, i.e.
(50) yields:
Pa =Mva + S˙abvb − 2ξ[ab]cvb∇cF, (53)
with M := Pava = Fm + pabvb∇aF , where as usual,
m := pava.
It is worthwhile to mention the dual role played by the
nonminimal function F : On the one hand, it “rescales”
the ordinary momentum, spin and mass; and on the other
hand, its gradients determine the force and torque that
act on a particle in addition to the usual gravitational
and Mathisson-Papapetrou forces.
Finally, we note that – as expected – the motion of
single-pole test bodies is also non-geodesic for the class
of models under consideration. In this case, the geodesic
equation, as encountered in General Relativity, is re-
placed by
D
ds
(Fmva) = ξab∇bF. (54)
This can also be rewritten in an equivalent form
mv˙a = ξ (δab − vavb)∇bA. (55)
Here we recall that Ξij := gijLmat, and thus ξ
ab = gabξ,
with ξ :=
∫
Σ(s)
Lmatw
x2dΣx2 . As we see, a massive
particle moves non-geodetically under the action of the
“pressure”-type force (55) produced by the nonminimal
coupling function F .
IV. CONCLUSION
In [4] we employed Papapetrou’s [8] – non-covariant –
approach to derive the equations of motion of the the-
ory proposed in [1]. The method utilized in the present
work is more straightforward and has the benefit of being
covariant. In 4 dimensions, there exist 14 algebraically
independent curvature invariants [25]. The results ob-
tained in (49) and (50) generalize our previous findings
to the case in which the nonminimal coupling depends
arbitrarily on the Riemannian curvature of spacetime,
with F = F (i1, . . . , i9) being any function of the com-
plete set of 9 parity-even curvature invariants (5)-(8).
The remarkably simple conservation law (34) derived in
this work corrects the earlier erroneous results [2, 3]. Fur-
thermore, our final equations of motion explicitly make
clear, that the previous non-covariant method relies on
a very specific transport process; i.e., the choice of the
parallel propagator gy0x0 . It is satisfying to see that we
formally obtain the same equations of motion with the
more general method, which still allows for a recovery of
the previous results in a special case.
It is worthwhile to note that our results are compati-
ble with the well-known general relativistic equations of
motion for a spinning test body; i.e., in the minimal cou-
pling case they reduce to the ones in [6], which in turn
have also been derived by several authors by means of
different multipolar approximation schemes [7–9].
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6TABLE I: Dimensions of the quantities.
Dimension (SI) Symbol
Geometrical quantities
1 gab,
√−g, δab , gy0x0
m s, dxa
m2 σ
m−1 Γab
c
m−2 Rabc
d, Rab, R
Matter quantities
1 va
kg/m2 s T ab, L, Eab, Ξab
kgm/s pa, Pa, m,M, ξ
kgm2/s sab, Sab
kgmn+1/s tc1...cnab, ξc1...cnab, pc1...cna
Auxiliary quantities
1 F , IA, A, λf2
m−2 piabcd1,2,3
m−4 piabcd4,5,7, G, i1,2,3, P
ab
1,2,3, D
ij ,
(2)
R
ij
m−6 piabcd6,8 , P
ab
4,5,7, i4,5,7, U
ij , Y ij ,
(3)
R
ij
m−8 piabcd9 , P
ab
6,8, i6,8, V
ij ,
(2)
D
ij
m−10 P ab9 , i9
m4 F1,2,3
m6 F4,5,7
m8 F6,8
m10 F9
kg/m2 s f1
m−n+2 αy0y1...yn , β
y0
y1...yn , γ
y0
y1...yn
Operators
m−1 ∇a, ∂a, Dds =“˙”
Appendix A: Conventions & Symbols
Our conventions for the Riemann curvature are as fol-
lows:
2T c1...ckd1...dl;[ba] ≡ 2∇[a∇b]T c1...ckd1...dl
=
k∑
i=1
Rabe
ciT c1...e...ckd1...dl
−
l∑
j=1
Rabdj
eT c1...ckd1...e...dl . (A1)
The Ricci tensor is introduced by Rij = Rkij
k, and the
curvature scalar is R = gijRij . The signature of the
spacetime metric is assumed to be (+1,−1,−1,−1).
TABLE II: Directory of symbols.
Symbol Explanation
Geometrical quantities
gab Metric√−g Determinant of the metric
δab Kronecker symbol
xa, s Coordinates, proper time
Γab
c Connection
Rabc
d Curvature
σ World-function
gy0x0 Parallel propagator
G Gauss-Bonnet scalar
Matter quantities
va Velocity
m Mass
pa Generalized momentum
Sab Spin tensor
T ab Energy-momentum tensor
L Lagrangian
tc1...cnab, ξc1...cnab, pc1...cna Integrated moments
Auxiliary quantities
λ Coupling constant
f1, f2, F Functions of the curvature
iA Scalar curvature invariants
FA Deriv. of F w.r.t. to invariants
P abA , pi
abcd
A , U
ij , V ij , Y ij , Shortcuts
Dij ,
(2)
D
ij ,
(2)
R
ij ,
(3)
R
ij
αy0y1...yn , β
y0
y1...yn , γ
y0
y1...yn Expansion coefficients
Operators
∂i, ∇i (Partial, covariant) derivative
D
ds
=“˙” Total derivative
“[. . .]” Coincidence limit
In the following, we summarize some of the frequently
used formulas in the context of the bitensor formalism
(in particular for the world-function σ(x, y)), see, e.g., [5,
29, 30] for the corresponding derivations. Note that our
curvature conventions differ from those in [5, 30]. Indices
attached to the world-function always denote covariant
derivatives, at the given point, i.e. σy := ∇yσ, hence
we do not make explicit use of the semicolon in case of
the world-function. We start by stating, without proof,
the following useful rule for a bitensor B with arbitrary
indices at different points (here just denoted by dots):
[B...];y = [B...;y] + [B...;x] . (A2)
7Here a coincidence limit of a bitensor B...(x, y) is a tensor
[B...] = lim
x→y
B...(x, y), (A3)
determined at y. Furthermore, we collect the following
useful identities:
σy0y1x0y2x1 = σy0y1y2x0x1 = σx0x1y0y1y2 , (A4)
gx1x2σx1σx2 = 2σ = g
y1y2σy1σy2 , (A5)
[σ] = 0, [σx] = [σy ] = 0, (A6)
[σx1x2 ] = [σy1y2 ] = gy1y2 , (A7)
[σx1y2 ] = [σy1x2 ] = −gy1y2 , (A8)
[σx1x2x3 ] = [σx1x2y3 ] = [σx1y2y3 ] = [σy1y2y3 ] = 0,
(A9)
[gx0y1 ] = δ
y0
y1 , [g
x0
y1;x2 ] = [g
x0
y1;y2 ] = 0, (A10)
[gx0y1;x2x3 ] =
1
2
Ry0y1y2y3 . (A11)
Appendix B: Covariant expansions
Here we briefly summarize the covariant expansions
of the second derivative of the world-function, and the
derivative of the parallel propagator:
σy0x1 = g
y′
x1
(
− δy0y′
+
∞∑
k=2
1
k!
αy0y′y2...yk+1σ
y2 · · ·σyk+1
)
,(B1)
σy0y1 = δ
y0
y1
−
∞∑
k=2
1
k!
βy0y1y2...yk+1σ
y2 · · ·σyk+1 , (B2)
gy0x1;x2 = g
y′
x1g
y′′
x2
(
1
2
Ry0y′y′′y3σ
y3
+
∞∑
k=2
1
k!
γy0y′y′′y3...yk+2σ
y3 · · ·σyk+2
)
,(B3)
gy0x1;y2 = g
y′
x1
(
1
2
Ry0y′y2y3σ
y3
+
∞∑
k=2
1
k!
γy0y′y2y3...yk+2σ
y3 · · ·σyk+2
)
.(B4)
The coefficients α, β, γ in these expansions are polynomi-
als constructed from the Riemann curvature tensor and
its covariant derivatives. The first coefficients read as
follows:
αy0y1y2y3 = −
1
3
Ry0(y2y3)y1 , (B5)
βy0y1y2y3 =
2
3
Ry0(y2y3)y1 , (B6)
αy0y1y2y3y4 = −
1
2
∇(y2Ry0y3y4)y1 , (B7)
βy0y1y2y3y4 =
1
2
∇(y2Ry0y3y4)y1 , (B8)
γy0y1y2y3y4 =
1
3
∇(y3Ry0 |y1|y4)y2 . (B9)
In addition, we also need the covariant expansion of a
usual vector:
Ax = g
y0
x
∞∑
k=0
(−1)k
k!
Ay0;y1...yk σ
y1 · · ·σyk . (B10)
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